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Abstract
We add smeared D0 charges to the D4 background and discuss
Sakai-Sugimoto model under this background. The corresponding
gauge theory develops a glue condensate 〈tr(Fµν F˜µν)〉. The D8 branes
go less deep than in the original S-S model and massless Goldstones
are still found in the spectrum. The effects of the condensate on
the meson spectra, pion decay constant, and couplings of the vector
mesons and Goldstones are then investigated.
1 Introduction
Confinement as a nonperturbative phenomenon of QCD, attracts lots
of attention from theoretical physicists. There are many mechanisms
proposed to be the possible cause of the confinement. See [1] for
a review. Among these mechanisms, some classical or semi-classical
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gauge field configurations could play an important role, such as some
topologically nontrivial solutions—monopoles, instantons, and so on.
There could also be solutions with constant field strength for the classi-
cal equation of motion. Selfdual field strength is studied in [2, 3, 4, 5],
and was proposed to be a mechanism for the confinement [6]. So
there could be states with nonzero tr(Fµν F˜
µν) background where Fµν
is the field strength and F˜µν its dual, and they may play a role in the
confinement.
Such kind of states may also have some possibilities of being pro-
duced in the heavy ion collisions. There was some proposals that
P/CP odd bubble may be created during the collisions [7, 8, 9]. Some
metastable state with non-zero QCD vacuum θ angle or tr(Fµν F˜
µν)
could be produced in some space-time region in the hot and dense
condition when deconfinement happens. Then as the rapid expansion
of the bubble, it cools down and the metastable state freezes inside
the bubble[8]. Then a P or CP odd bubble may form. It will soon
decay into the true vacuum.
As nonperturbative phenomena in QCD, the effects of the states
with nonzero tr(Fµν F˜
µν) must be studied using nonpertubative meth-
ods. String/gauge duality provides a way to study this kind of phe-
nomena. To add 〈tr(Fµν F˜µν)〉 condensate in N=4 SUSY YM corre-
sponds to adding smeared D(-1) charges into D3 brane configuration.
Supersymmetric(SUSY) D(-1)-D3 background was studied in [10, 11]
and was proposed to correspond to gauge field theory with a selfdual
background field strength [10]. Non-SUSY D(-1)-D3 was studied in
[11, 12] and corresponds to adding a temperature to the corresponding
gauge theory. By introducing D7 probe branes into the background
geometry, under the proposal of Karch and Katz[14], flavors can also
be introduced into these backgrounds, and then quark condensates,
meson spectra could be studied[15, 12, 13, 16, 17, 18]. Also by intro-
ducing baryonic D5 branes, studies on baryon properties in the glue
condensates can be carried out [19, 20, 21, 22, 23].
Another holographic construction of the QCD like theory is to use
D4 background initiated by Witten [24]. By compactifying the D4
brane on a circle, four dimensional Yang-Mills theory can be obtained
from the five dimensional Yang-Mills theory, and by imposing the
antiperiodic boundary condition on the fermions, supersymmetry is
broken. Flavors can be added into the Yang-Mills by introducing flavor
D6 [25] or D8 branes [26]. In particular, Sakai and Sugimoto(S-S) [26]
proposed a model with D8-D8 probe branes, where the spontaneous
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breaking of chiral symmetry is geometrically realized as the joining
of Nf D8 branes and Nf anti-D8 branes into Nf D8 branes at the
tip. Massless Goldstones with the right quantum numbers can be
found in the spectrum. Meson spectra and interactions then can be
studied along these lines [27]. Baryons can also be easily realized as
instantons in this model such that the nucleon interactions can also
be modelled[28, 29, 30, 31]. As in the D(-1)-D3 background, adding
condensate 〈tr(Fµν F˜µν)〉 in the gauge theory corresponds to adding
smearedD0 charges into the D4 background. The gauge theory in this
background is studied in [32, 33]. Putting Sakai-Sugimoto model (S-S
model) into this background allows us to study the hadron phenomena
in the nonzero 〈tr(Fµν F˜µν)〉 background. In the present paper, as a
first step, we study the meson spectra and the interactions of the
lowest-lying vector mesons and Goldstones in this background. To
keep the 〈tr(Fµν F˜µν)〉 dependence in the large Nc, we require it to
be of O(Nc) as in [10], κ˜ ∼ 〈tr(Fµν F˜µν)〉/Nc. There are still massless
Goldstone modes indicating the massless nature of the flavor quarks.
We analyse the lowest-lying scalar and vector meson spectra in this
model and the three point couplings for the lowest-lying vector mesons
and Goldstones, and find out that κ˜ really enters the formulae for these
quantities. The detailed results are presented in section 4, 5 and 6.
This paper is organized as follows: In section 2, we review the D0-
D4 background and its relation to the gauge field theory. In section 3
we put D8 probe branes into this background and study the stability
of the configuration. In section 4 and 5 we study the scalar and vector
meson spectra with one flavor, respectively. In section 6, we extend
our discussion to the multiflavor case, and the interactions of vector
mesons and Goldstones are studied. Section 7 is the conclusion and
discussion.
2 The D0-D4 background
Some of the results in this section are already presented in [32]. The
solution of D4 branes with smeared D0 charges in Type IIA super-
3
gravity in Einstein frame is [32, 33]
ds2 = H
− 3
8
4
(
−H−
7
8
0 f(U)dτ
2 +H
1
8
0
(
(dx0)2 + (dx1)2 + · · ·+ (dx3)2
))
+H
5
8
4 H
1
8
0
(
dU2
f(U)
+ U2dΩ24
)
, (1)
e−(Φ−Φ0) = (H4/H
3
0 )
1
4 , (2)
f2 =
A
U4
1
H20
dU ∧ dτ , (3)
f4 = Bǫ4 , (4)
where
A =
(2πℓs)
7gsN0
ω4V4
, B =
(2πℓs)
3Ncgs
ω4
, (5)
H4 = 1 +
U3Q4
U3
, H0 = 1 +
U3Q0
U3
, f(U) = 1− U
3
KK
U3
. (6)
dΩ4, ǫ4, and ω4 = 8π
2/3 are the line element, the volume form and
the volume of a unit S4. UKK is the coordinate radius of the horizon,
and V4 the volume of D4-brane. N0 and Nc are the numbers of D0
and D4 branes, respectively. D0 branes are smeared in the x0, . . . , x3
directions.
In string frame the metric reads
ds2 = H
− 1
2
4
(
−H−
1
2
0 f(U)dτ
2 +H
1
2
0 dx
2
)
+H
1
2
4 H
1
2
0
(
dU2
f(U)
+ U2dΩ24
)
(7)
where dx2 = (dx0)2+(dx1)2+ · · ·+(dx3)2 is used. The EOM requires:
A2 = 9U3Q0(U
3
Q0 + U
3
KK) , B
2 = 9U3Q4(U
3
Q4 + U
3
KK) (8)
which can be solved
U3Q0 =
1
2
(−U3KK +
√
U6KK +
4
9
A2) , (9)
U3Q4 =
1
2
(−U3KK +
√
U6KK +
4
9
B2) . (10)
We have required UKK to be the horizon and no bare singularity,
and then U3Q0 > 0, U
3
Q4 > 0 are chosen. To use this solution in the
4
Sakai-Sugimoto model, we make a double wick rotation in τ and x0
directions and the metric becomes:
ds2 = H
− 1
2
4
(
H
− 1
2
0 f(U)dτ
2 +H
1
2
0 dx
2
)
+H
1
2
4 H
1
2
0
(
dU2
f(U)
+ U2dΩ24
)
(11)
where dx2 = −(dx0)2 + (dx1)2 + · · ·+ (dx3)2 now. In fact, the metric
is a bubble geometry and the space-time ends at U = UKK.
In order not to have the conical singularity, the period of τ should
be
β =
4π
3
UKKH
1/2
0 (UKK)H
1/2
4 (UKK) . (12)
We can then define a Kaluza-Klein mass scale MKK = 2π/β, which
indicates the UV cut-off of the gauge theory. The D4 brane tension
can be related to the five dimensional Yang-Mills coupling constant:
1
g25
=
(2πα′)2
(2π)4ℓ5sgs
=
1
(2π)2ℓsgs
. (13)
Then, by dimensional reduction to four dimensions, the four-dimensional
Yang-Mills coupling constant can be expressed as
1
g2YM
=
β
g25
=
β
4π2gsℓs
. (14)
In another way, the string coupling constant can be expressed using
gauge theory parameters
gs =
g2YM
2πMKKℓs
=
λ
2πMKKNcℓs
, (15)
where λ = g2YMNc is the ’t Hooft coupling. Substituting this into (9),
we have
H0(UKK) =
1
2
(1 + (1 + Cβ2)1/2) , C ≡ (2πℓ2s)6λ2κ˜2/U6KK . (16)
In order to keep the backreaction of D0 brane, we require N0 to be of
order Nc as in [10] and define κ˜ = N0/(NcV4). It is easy to see that
H0(U) ≥ 1.
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Going to the near horizon limit by taking U/α′ and UKK/α
′ finite,
we have
U3Q4 → πα′3/2gsNc =
βg2YMNcℓ
2
s
4π
≡ R3 , (17)
H4(UKK) → R
3
U3KK
, (18)
β → 4π
3
U
−1/2
KK R
3/2H
1/2
0 (UKK) , (19)
MKK → 3
2
U
1/2
KKR
−3/2H
−1/2
0 (UKK) . (20)
The metric in string frame then becomes
ds2 =
(
U
R
)3/2 (
H
1/2
0 (U)ηµνdx
µdxν +H
−1/2
0 (U)f(U)dτ
2
)
+H
1/2
0
(
R
U
)3/2( 1
f(U)
dU2 + U2dΩ24
)
, (21)
and the dilaton
eΦ = gs
(
U
R
)3/4
H
3/4
0 . (22)
From (17) and (19) we have
β1/2 =
2
3
π1/2U
−1/2
KK λ
1/2ℓsH
1/2
0 (UKK) , (23)
or
β =
4πλℓ2s
9UKK
H0(UKK) , MKK =
9
2
UKK
λℓ2sH0(UKK)
. (24)
Since H0(UKK) ≥ 1, UKK ≥ 2λℓ2sMKK/9.
From this equation, β can be solved and comparing with (24) we
have
β =
4πλℓ2s
9UKK
1
1− (2πℓ2s)8
81U8
KK
λ4κ˜2
, H0(UKK) =
1
1− (2πℓ2s)8
81U8
KK
λ4κ˜2
.(25)
If we define D = 29πλℓ
2
s/UKK and use the definition of C in (16),
β then can be expressed as β = 2D/(1 − CD2) and H0(UKK) =
1/(1 − CD2). Since H0 > 0 and CD2 ≤ 1, this gives a constraint for
κ˜,
|κ˜| ≤ 9U
4
KK
(2πℓs)4λ2
=
λ2M4KKH
4
0 (UKK)
93π4
. (26)
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Figure 1: The relation between H˜0(0) and parameter ξ
If we fix β, λ, from (24), UKK goes the same as H0(UKK). And
together with (25), H0(UKK) and κ˜ can be related
H80 (UKK)−H70 (UKK) =
96π8κ˜2
λ4M8KK
= 96π8ξ2 . (27)
For future convenience, we have defined a dimensionless quantity ξ
ξ ≡ |κ˜|
λ2M4KK
. (28)
Since we fix λ and MKK, changing κ˜ is equivalent to changing ξ. The
left-hand side of (27) is a monotonic function increasing from zero for
H0(UKK) ≥ 1. So for each κ˜, there is only one solution of H0(UKK),
going up as κ˜ increases (see Figure 1), and UKK is similar. Since we
are interested in the region with λ ≫ 1, if we choose λ ∼ 10 and
|κ˜| < M4KK, ξ should be within 0 < ξ < 0.01. And the corresponding
H0(UKK) falls in 1 < H0(UKK) < 5.3. So in future numerical analysis
we constraint ourselves in this region.
This background actually introduces another free parameter κ˜ in
the Sakai-Sugimoto model. This string theory background is not dual
to the vacuum state of the gauge theory. The dual state may describe
some excited state with some constant homogeneous field strength
background which gives the expectation value of tr(Fµν F˜
µν). On
the supergravity side, κ˜Nc is the flux of f2. Since C1 is coupled to
tr(FµνF˜
µν) in the Euclidean Chern-Simons action
SCS = i
µ4
2
(2πα′)2
∫
dτCτ ∧ tr(F ∧ F ) (29)
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κ˜ characterizes the expectation value of the Euclidean tr(FµνF˜
µν).
Just as in [10], by rotating to the Euclidean space and naively using
classical EOM of C1, we have real Euclidean condensate
〈tr(Fµν F˜µν)〉 = 8π2Ncκ˜ (30)
We suppose this is a stochastic average over the background fields in
all directions so that the 〈F 〉 is still zero and the four dimensional
space-time translation invariance and proper Lorentz invariance are
preserved which is manifest in the string background solution. Ob-
viously the P and CP invariances are violated. This is just similar
to the situation in [10] by H. Liu et al. Selfdual constant homoge-
neous backgrounds in the gauge theory are studied in [2, 3, 4, 5] and
may be related to the confinement. However, the field strength may
not be selfdual in the present paper since the gravity background is
non-supersymmetric, and so we will not take it as a necessary as-
sumption. Whether the background field strength is selfdual or not is
beyond the scope of this paper. Our interest is to put S-S model in
this background to study the κ˜ dependence of the meson spectra and
couplings.
Now we have some independent parameters on the gravity side: R3,
U3Q0, UKK and gs, and ℓs will be cancelled out in the final physical
results. We also have some parameters on the gauge theory side Nc,
MKK, λ and κ˜. We have seen that κ˜ can be related to H0(UKK) and
we can use H0(UKK) to represent κ˜. The final results on the gauge
theory side can be expressed using Nc, MKK , λ and H0(UKK). We
collect the relations here:
R3 =
λℓ2s
2MKK
, gs =
λ
2πMKKNcℓs
, UKK =
2
9
MKKλℓ
2
sH0(UKK) .(31)
We fix the gauge theory parameters MKK, Nc and λ, and then change
κ˜. This corresponds to fixing the parameters on the gravity side: R3,
gs, H0(UKK)/UKK , and changing H0(UKK) or UKK .
Similar to the discussion of the D4-soliton background [25] in S-
S model, we can discuss the reliability of the background. First we
require the curvature near the horizon to be small compared to the
string scale 1/|(Rℓ2s)| ≫ 1. The curvature at UKK is
R(UKK) ∼ 9
R3/2U
1/2
KKH
1/2
0 (UKK)
(
2− 3
H0(UKK)
)
(32)
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We have used U3KK/R
3 ∼ ℓ6s/ℓ2s → 0. Then using (31), we have
1≪
∣∣∣∣ 1Rℓ2s
∣∣∣∣ ∼
∣∣∣∣∣R3/2U
1/2
KKH
1/2
0 (UKK)
9ℓ2s(2− 3/H0(UKK))
∣∣∣∣∣ ∼
∣∣∣∣ g2YMNcH0(UKK)27(2− 3/H0(UKK))
∣∣∣∣ . (33)
Since the factor |H0(UKK)/(27(2 − 3/H0(UKK))| ≥ 1/27 is bounded
from below for H0(UKK) > 1, g
2
YMNc ≫ 1 satisfies this inequality.
However, the denominator (2−3/H0(UKK)) could be zero for H0 near
3/2. This may indicate that the gravity may not correspond to strong
coupling region. Nevertheless, by analysing the scalar RµνR
µνℓ4s ≪ 1,
we can conclude that near H0 = 3/2 the corresponding gauge theory
is really in the strong ’t Hooft coupling region:
1≪ 1/|RµνRµνℓ4s| ≃
λ2H40 (UKK)
729(H20 −H0 + 1)
. (34)
HoweverH0 can not be arbitrarily large. We require the factorH
4
0/(729(H
2
0−
H0 + 1) to be of O(1), which corresponds to H0(UKK) ∼ 30. Notice
that previously |κ˜| < M4KK and large λ requires 1 ≤ H0(UKK) < 5.3
which falls in this region. So the smallness of the curvature corre-
sponds to the large ’t Hooft coupling in the gauge theory in 1 ≤ H0 <
5.3.
Next we require eΦ ≪ 1 to suppress the string loop effect. From
eΦ = gsH
3/4
0 H
−1/4
4 , we have
UH0(U)≪ g−4/3s R (35)
Since 1 ≤ H0 ∼ O(1), this means U ≪ g−4/3s R ≡ Ucrit. This intro-
duces no new information to the D4 soliton results. To repeat, the
critical radius can be expressed as Ucrit ≃ (2π4/3ℓ2sN1/3c MKK)/g2Y M
and we require Ucrit ≫ UKK . So we have
g4YM ≪
1
g2YMNc
≪ 1 (36)
This just suggests that the supergravity solution is a valid dual de-
scription of the strong coupling region of the four dimensional gauge
theory in the ’t Hooft limit.
9
3 Sakai-Sugimoto model in D0-D4 back-
ground
Now we embed the D8 brane into the background with U = U(τ).
The metric then becomes
ds2 =
(
U
R
)3/2
H0(U)
−1/2
(
f(U) +
(
R
U
)3 H0(U)
f(U)
U ′
2
)
dτ2
+
(
U
R
)3/2
H
1/2
0 (U)ηµνdx
µdxν +H
1/2
0
(
R
U
)3/2
U2dΩ24(37)
where U ′ = dU/dτ . Substitute this into D8-brane action, we have
SD8 ∼ 1
gs
∫
d4x dτH0(U)U
4
(
f(U) +
H0(U)
f(U)
(
R
U
)3
U ′2
)1/2
, (38)
from which the equation of motion can be obtained:
d
dτ
 H0(U)U4f(U)[
f(U) + H0(U)f(U)
(
R
U
)3
U ′2
]1/2
 = 0 , (39)
which is just the conservation of the energy. With initial conditions
U(0) = U0 and U
′(0) = 0 at τ = 0, τ(U) can be solved
τ(U) = E(U0)
∫ U
U0
dU
H
1/2
0 (U)
(
R
U
)3/2
f(U)(H20 (U)U
8f(U)− E2(U0))1/2
(40)
where E(U0) = H(U0)U
4
0 f
1/2(U0).
The difference between the present background and the D4-soliton
background is theH0(U) factors in all the equations. If we setH0(U)→
1, all the results degenerate to the original S-S model. For the an-
tipodal case the profile is the same as the original S-S model, with
τ(U) = β/4. As the D8-D8 moves away from the antipodes, the pro-
file goes less deep than in the original S-S model (Figure 2). In this
paper, as a first step, we constraint ourselves to the antipodal case to
see the the effects of the condensate 〈tr(Fµν F˜µν)〉.
As in S-S model, we introduce the new coordinate (r, θ) or (y, z):
y = r cos θ , z = r sin θ
U3 = U3KK + UKKr
2 , θ =
2π
β
τ =
3
2
U
1/2
KK
R3/2H
1/2
0 (UKK)
τ (41)
10
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0.1
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Figure 2: The profile of the D8 brane. The dashed lines denote the profile
with κ˜ 6= 0 and the solid lines with zero κ˜. With κ˜ 6= 0 , the D8 brane goes
less deep.
and then the metric in the (y, z) plane becomes
ds2τ,U =
4
9
R3/2
U3/2
H0(UKK)
H
1/2
0 (U)
[(
1− h(r)y2
)
dy2
+
(
1− h(r)z2
)
dz2 − 2yzh(r)dydz
]
(42)
where
h(r) =
1
r2
[
1− UKKH0(U)
UH0(UKK)
]
. (43)
In the antipodal case, the D8 brane is put along x0, x1, x2, x3 and z
direction at y = 0, wrapping the S4. We can also study the fluctu-
ations of D8 brane in the y direction to examine the stability of this
configuration. Then y is considered as a function of x and z, y(x, z).
The induced metric then reads
ds2 = ds25d +H
1/2
0 (U)R
3/2U1/2dΩ24 (44)
ds25d = H
1/2
0 (U)
(
U
R
)3
2
[
ηµν +
4
9
(
R
U
)3 H0(UKK)
H0(U)
∂µy∂νy
]
dxµdxν
+
4
9
(
R
U
) 3
2 H0(UKK)
H
1/2
0 (U)
[
UKKH0(U)
UH0(UKK)
+ y˙2 + h(z)
(
y2 − 2zyy˙
)]
dz2
+
8
9
(
R
U
) 3
2 H0(UKK)
H
1/2
0 (U)
∂µy
[
y˙ − zyh(z)
]
dxµdz + O(y4) (45)
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And the DBI action of D8-brane turns out to be
SD8 = −T˜H3/20 (UKK)
∫
d4xdz
[
H
3/2
0 (Uz)
H
3/2
0 (UKK)
U2z
+
H
1/2
0 (Uz)
H
1/2
0 (UKK)
(
2
9
R3
Uz
ηµν∂µy∂νy +
U3
2UKK
y˙2 +
1
2
(
1 +
1
H0(Uz)
)
y2
)]
+ O(y4) .
(46)
where we have defined Uz = UKK(1+z
2/U2KK)
1/3, T˜ = 23gsT8Ω4U
1/2
KKR
3/2,
with T8 =
(
(2π)8ℓ9s
)−1
the tension of D8-brane. Then the energy den-
sity of the fluctuations in the y direction can be read off
E ≃ T˜H3/20 (UKK)
∫
dz
H
1/2
0 (Uz)
H
1/2
0 (UKK)
(
2
9
R3
Uz
3∑
i=0
(∂iy)
2 +
U3
2UKK
y˙2 +
1
2
(
1 +
1
H0(Uz)
)
y2
)
≥ 0 (47)
So adding the D0 flux does not affect the stability of the D8 brane
probe configuration with respect to small fluctuations.
4 Scalar meson spectrum
Using the results of the previous section, we are ready to discuss the
scalar spectrum for one flavor case. The fluctuations of y can be
expanded in terms of some orthogonal basis ρn(z)
y(xµ, z) =
∞∑
n=1
U
(n)(xµ)ρn(z) . (48)
We now define the dimensionless Z = z/UKK ,K = 1+Z
2 = (Uz/UKK)
3,
U3z = U
3
KK(1 + Z
2) and H˜0(Z) = H0(Uz). The orthogonal condition
for ρm reads
4
9
T˜R3H˜0(0)
∫
dZH˜
1/2
0 (Z)K
−1/3(Z)ρmρn = δmn , (49)
and ρm (m ≥ 1) are eigenfunctions of equation
K1/3(Z)
[
−H˜−1/20 (Z)∂Z
(
H˜
1/2
0 (Z)K(Z)∂Zρn(Z)
)
+
(
1 +
1
H˜0(Z)
)
ρn(Z)
]
= λnρn(Z) . (50)
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Then the D8 action can be written as
SD8 = −
∫
d4x
1
2
∞∑
i=1
∂µU
(n)∂µU(n) +
1
2
M2KKH˜0(0)
∑
n
λn
(
U
(n)
)2
(51)
from which we can read off the mass for scalar mesons
m2n =M
2
KKH˜0(0)λn . (52)
We see that the κ˜ dependence of the mass is through H˜0(0) factor and
is also hidden in λn as a result of the eigenvalue equation (50).
Now, we proceed to solve the eigenvalue equation. Similar to the
method in Sakai and Sugimoto’s original paper, from (50) we first find
out the asymptotic behavior of ρn(Z) as Z goes to infinity:
ρn ∼ 1
Z2
. (53)
Then we can define
Z ≡ eη , ρ˜n(η) ≡ e2ηρn(eη) (54)
such that ρ˜n is of O(Z
0). So the equation for ρ˜n reads
d2ρ˜n
dη2
+G
dρ˜n
dη
+ F ρ˜n = 0 (55)
where
F = 6− 3
1 + e−2η
− 3
1 + H˜0(0)e−2η
+
λne
−2η/3
(1 + e−2η)4/3
≡
∞∑
k=0
Fke
−2kη/3 ,
G = −5 + 1
1 + e−2η
+
1
1 + H˜0(0)e−2η
≡
∞∑
k=0
Gke
−2kη/3 . (56)
The first few non-vanishing coefficients are listed below
F1 = λn , F3 = 3 + 3H˜0(0) , F4 = −4
3
λn , · · ·
G0 = −3 , G3 = −1− H˜0(0) , · · · (57)
Next we expand ρ˜n as
ρ˜n ∼ 1 +
∞∑
k=1
βke
−2kη/3 . (58)
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And it is easy to verify that
β1 = − 9
22
λn , β2 =
81
1144
λ2n , β3 = −
3
10
− 3
10
H˜0(0)− 81
11440
λ3n , · · ·(59)
We then solve the eigenvalue equation using “shooting” method
with ξ running from 0 to 0.01. The same as in S-S’s original paper
[26], we choose the eigen-function to be even or odd for n ≥ 1
Even : ∂Zρn(0) = 0 , Odd : ρn(0) = 0 . (60)
As a result, the eigenfunctions are even for odd n, and odd for even
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Figure 3: The ξ-dependence of λ1 and λ2
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Figure 4: The ξ-dependence of m1 and m2
n. The charge conjugate C and parity properties are the same as in
S-S model. The the lightest scalar meson has CP = ++ and the next
14
level CP = −−. The ξ-dependence of the lowest two λn and masses
are shown in Figure 3 and Figure 4, respectively.
From these figures, we can see that even though the first two eigen-
values go down as ξ increases, the contributions from H˜0(0) overcome
the eigenvalue contributions and make the mass grow with ξ. This is
different from the results using D(-1)-D3 background in [13]. In their
model, Liu-Tseytlin [10] background is used, which is supersymmetric,
and in the corresponding gauge theory, the condensate is claimed to
be selfdual 〈FµνFµν〉 = 〈Fµν F˜µν〉 ∼ q. Also the current quark mass
is non-zero. In our model the background is not supersymmetric and
it is highly possible that the field strength is not selfdual. And since
the Goldstone is massless, the current quark mass is also zero. So the
difference is not surprising. In their model the meson mass is only
determined by the eigenvalue of the fluctuation which is going down
with increasing q. In our model, though the eigenvalues have the same
tendancy as theirs, the masses are also proportional to H˜0(0) which is
increasing and dominates in the contributions.
5 Gauge field fluctuations and vector
meson spectra
Now we consider the gauge field excitations on the D8 brane in this
background. As in S-S model, we are only interested in the SO(5) sin-
glets, Aµ (µ = 0, 1, 2, 3) and Az which are independent of the angular
coordinates of the S4. We consider only one flavor in this section. The
DBI action can be cast into
SD8 = −T˜ (2πα′)2
∫
d4xdz H
1/2
0 (U)
[
1
4
R3
U
FµνF
µν +
9
8
U3
UKK
FµzF
µz
]
.(61)
As in S-S model, we expand the gauge field Aµ(µ = 0, 1, 2, 3) and Az
in terms of some orthogonal basis,
Aµ(x, z) =
∞∑
n=1
B(n)µ (x)ψn(z) ,
Az(x, z) =
∞∑
n=0
ϕ(n)(x)φn(z) , (62)
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and the orthogonal conditions are
T˜ (2πα′)2R3
∫
dZ
H˜
1/2
0 (Z)
K1/3(Z)
ψmψn = δmn , (63)
T˜ (2πα′)2R3M2KKH˜0(0)U
2
KK
∫
dZH˜
1/2
0 (Z)K(Z)φmφn = δmn . (64)
The eigenvalue equation for ψm is
− H˜−1/20 (Z)K1/3(Z)∂Z
(
H˜
1/2
0 (Z)K(Z)∂Zψm
)
= Λmψm , (65)
with Λn the eigenvalue. The eigenfunction φn(z) can be chosen as
φn =
1
MnUKK
∂Zψn =
1
Mn
ψ˙n(z) , Mn = Λ
1/2
n MKKH˜
1/2
0 (0) , (66)
for n 6= 0, and for n = 0
φ0 =
c
H˜
1/2
0 (Z)K(Z)
,
c =
(
T˜ (2πα′)2R3M2KKH˜0(0)U
2
KK
∫
dZ H˜
−1/2
0 (Z)K
−1(Z)
)−1/2
=
9(3π)3/2
√
2λNcλM
2
KKℓ
2
sH˜
3/2
0 (0)
1√
F0
(67)
with
F0 ≡ F
(
π
2
,
√
1− H˜−10 (0)
)
, F(φ, k) ≡
∫ φ
0
dθ√
1− k2 sin2 θ
the elliptic integrals of the first kind. The DBI action of D8 brane can
be recast into
SD8 = −
∫
d4x
[
∞∑
n=1
(
1
4
F (n)µν F
(n)µν +
1
2
M2nB
(n)
µ B
µ(n) −Mn∂µϕ(n)Bµ(n)
)
+
∞∑
n=0
1
2
∂µϕ
(n)∂µϕ(n)
]
. (68)
By replacing B
(n)
µ → B(n)µ +M−1n ∂µϕ(n) through a gauge transforma-
tion, the action becomes
SD8 = −
∫
d4x
[
∞∑
n=1
(
1
4
F (n)µν F
(n)µν +
1
2
M2nB
(n)
µ B
µ(n)
)
+
1
2
∂µϕ
(0)∂µϕ(0)
]
.(69)
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We see that the masses for the massive vector bosons are just Mn
and there is a massless peudo-scalar ϕ(0) which is just the Nambu-
Goldstone boson. For U(1) case here, this Goldstone boson is just
like the η′ in the real world. Due to the U(1)A anomaly, its mass is
related to the topological susceptibility of the pure Yang-Mills theory.
This has already been discussed in [32] and met some difficulties in
obtaining the analytic results. So we will not go deep in this direction.
We can now analyse the κ˜ dependence of the mass spectrum of the
vector mesons by performing the same procedure as in the previous
section. First we find out the asymptotic behavior when Z approaches
infinity
ψn ∼ 1
Z
(70)
and define a new function
ψ˜n(η) = e
ηψn(e
η) (71)
which satisfies the equation
d2ψ˜n
dη2
+G′
dψ˜n
dη
+ F ′ψ˜n = 0 (72)
where
F ′ = 2− 1
1 + e−2η
− 1
1 + H˜0(0)e−2η
+
Λne
−2η/3
(1 + e−2η)4/3
≡
∞∑
k=0
F ′ke
−2kη/3 ,
G′ = −3 + 1
1 + e−2η
+
1
1 + H˜0(0)e−2η
≡
∞∑
k=0
G′ke
−2kη/3 (73)
in which the first few non-vanishing components are
F ′1 = Λn , F
′
3 = 1 + H˜0(0) , F
′
4 = −
4
3
Λn , · · ·
G′0 = −1 , G′3 = −1− H˜0(0) , · · · (74)
With these coefficients we can work out the expansion of ψn
ψn(Z) ∼ 1
Z
+
β′1
Z5/3
+
β′2
Z7/3
+
β′3
Z2
+ · · · (75)
where
β′1 = −
9
10
Λn , β
′
2 =
81
280
Λ2n , β
′
3 = −
1 + H˜0(0)
6
− 27
560
Λ3n , · · · (76)
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Using shooting method to solve this two-point boundary value
problem, we obtain the evolutions of the first two eigenvalues with
respect to ξ, which are shown in Figure 5, and the corresponding
masses are shown in Figure 6.
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Figure 5: The ξ-dependence of Λ1 and Λ2
0 0.005 0.01
Ξ
0.8
1.2
1.6
M1MKK
0 0.005 0.01
Ξ
1
2
3
M2MKK
Figure 6: The ξ-dependence of M1 and M2
Similar to the scalar meson cases, the contributions from the eigen-
values are not comparable to the one from the H0(UKK) factor: the
trend of the eigenvalues for large ξ is going downward while the fi-
nal masses are going upward. This result is also different from the
D(-1)-D3 case [13] in which the vector mass is independent of q.
As Sakai and Sugimoto did in their original paper [26], we could
also consider the mass ratios
M22
M21
=
Λ2
Λ1
,
m21
M21
=
λ1
Λ1
. (77)
With the lowest two vector mesons assigned to ρ(770) and a1(1260),
and the lowest-lying scalar assigned to isospin one a0(1450), these two
ratios can be estimated to be 2.51 and 3.61 [26], respectively. Our
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results for these ratios are plotted in Figure 7. It is interesting to see
that the first estimated ratio can be reached by tuning the κ˜-parameter
to some certain value, and the second ratio in our result is closer to
the experimental value with κ˜ turned on. However this should not be
taken seriously, since the experimental value is in the true vacuum in
which the condensate 〈tr(Fµν F˜µν)〉 may be almost zero.
6 Multiflavor case
As in S-S model, we can extend the previous discussion to the multi-
flavor case, i.e. Nf > 1. We will see that the mass formulae for vector
mesons are the same as in the one flavor case, and there is no new
information for vector meson mass spectrum. However, we can study
the κ˜ dependence of fπ and the couplings of vectors and Goldstones.
Since we closely follow S-S’s original paper in the deduction, we will
be brief and refer the readers to S-S’s paper [26].
In multiflavor case, the gauge fluctuations on Nf flavor D8 branes
are nonabelian and the DBI action becomes
SD8 = −T̂ (2πα′)2
∫
d4xdz 2H
1/2
0 (Uz)Tr
[
1
4
R3
Uz
FµνF
µν +
9
8
U3z
UKK
FzµF
zµ
]
(78)
where
T̂ ≡ T˜
2
=
1
3gs
T8 Ω4 U
1/2
KK R
3/2 =
MKKNcH˜
1/2
0 (0)
432π5ℓ6s
(79)
with field strength FMN = ∂MAN − ∂NAM + [AM , AM ] for U(N)
gauge field AM on the D8 branes. The contractions for µ and ν are
done by using ηµν .
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The U(xµ) ≡ exp{2iπ/fπ} field in the usual chiral Lagrangian is
realized as
U(xµ) = P exp
{
−
∫ ∞
−∞
dz′Az(x
µ, z′)
}
= ξ−1+ (x
µ)ξ−(x
µ) (80)
where ξ−1± (x
µ) ≡ P exp{− ∫ ±∞0 dz′Az(xµ, z′)} is defined for conve-
nience.
6.1 Pion Lagrangian
In ξ−(x
µ) = 1 gauge, one can expand non-Abelian gauge field as
Aµ(x
µ, z) = U−1(xµ)∂µU(x
µ)
1 + ψ̂0(z)
2
+
∑
n≥1
B(n)µ (x
µ)ψn(z) (81)
where
ψ̂0(z) =
∫ Z
0 dZH˜
−1/2
0 (Z)K
−1(Z)∫∞
0 dZH˜
−1/2
0 (Z)K
−1(Z)
=
1
F0
F
(
arctan
z
UKK
,
√
1− H˜−10 (0)
)
.(82)
with F and F0 the elliptic integrals defined in (68). Now since we
are only interested in the pion field, all the excited vector modes B
(n)
µ
(n ≥ 1) can be omitted and the field strength can be written as
Fµν =
[
U−1∂µU,U
−1∂νU
] ψ̂20 − 1
4
, Fzµ = U
−1∂µU
∂zψ̂0
2
. (83)
Substituting (83) into (78), we obtain the effective action for pion
SD8 = −T̂ (2πα′)2
∫
d4x Tr
(
A
(
U−1∂µU
)2
+B
[
U−1∂µU,U
−1∂νU
]2)
(84)
with
A ≡
∫
dz
9
4
U3z
UKK
H
1/2
0 (Uz)
(∂zψ̂
2
)2
=
9UKKH˜
1/2
0 (0)
8F0
,
B ≡
∫
dz
R3
2Uz
H
1/2
0 (Uz)
( ψ̂20 − 1
4
)2
=
R3
32F40
b
(
H˜0(0)
)
. (85)
Here b(H˜0) is an integral constant defined by
b(α) ≡
∫
dZ
(α+ Z2)1/2
(1 + Z2)5/6
[
F
2
(
arctanZ,
√
1− 1
α
)
− F20
]2
. (86)
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Comparing this result with the Skyrme model [34] in which the action
is
S =
∫
d4x Tr
(
f2π
4
(
U−1∂µU
)2
+
1
32e2
[
U−1∂µU,U
−1∂νU
]2)
, (87)
we can read off f2π and the dimensionless e
2
f2π = 4T̂ (2πα
′)2A =
H˜20 (0)
108π3F0
λNcM
2
KK ,
e2 =
1
32T̂ (2πα′)2B
=
216π3F40
H˜0(0) b
(
H˜0(0)
) 1
λNc
. (88)
Now the pion decay constant fπ and e are both affected by the glue
condensate κ˜. As before, we use ξ defined in (28) instead of κ˜ and
the ξ dependence of fπ and e is shown in Figure (8) where we have
defined
f˜π ≡
√
108π3
λNcM2KK
fπ =
H˜0(0)√
F0
, e˜ ≡
√
λNc
216π3
e =
F
2
0√
H˜
1/2
0 (0) b
(
H˜0(0)
) (89)
for convenience. We can see that fπ goes up while e declines with ξ.
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Figure 8: The ξ-dependence of f˜π and e˜
6.2 Vector mesons
Next we consider the first excited vector mode B
(1)
µ which is identified
as the ρ meson. In the ξ−1+ (x
µ) = ξ−(x
µ) = exp(iπ(xµ)/fπ) gauge, Aµ
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can be expanded as
Aµ(x
µ, z) =
i
fπ
∂µπ(x
µ)ψ̂0(z) +
1
2f2π
[
π(xµ), ∂µπ(x
µ)
]
+ vµ(x
µ)ψ1(z)(90)
where vµ = B
(1)
µ . Thus the field strength is
Fµν =
i
fπ
([
∂µπ, vν
]
+
[
vµ, ∂νπ
])
ψ1ψ̂0 +
1
f2π
[
∂µπ, ∂νπ
](
1− ψ̂20
)
+(∂µvν − ∂νvµ)ψ1 +
[
vµ, vν
]
ψ21 + O
(
(π, vµ)
3
)
,
Fzµ =
i
fπ
∂µπ ∂zψ̂0 + vµ ∂zψ1 . (91)
The effective action involving π and vµ up to O
(
(π, vµ)
3
)
can be ob-
tained
SD8 =
∫
d4x
{
−aπ2Tr
(
∂µπ∂
µπ
)
+ av2
(
Tr
(
∂µvν − ∂νvµ
)2
+m2v Tr v
2
µ
)
+ av3Tr
([
vµ, vν
](
∂µvν − ∂νvµ
))
+ avπ2Tr
([
∂µπ, ∂νπ
](
∂µvν − ∂νvµ
))
+ O
(
(π, vµ)
4
)}
. (92)
Then we determine all the coefficients one by one. The coefficient
before the kinetic term of pion is
aπ2 =
2T̂ (2πα′)2
f2π
∫
dz
9
8
U3z
UKK
H
1/2
0 (Uz)
(
∂zψ̂0
)2
= 1 (93)
due to the definition of fπ in (88). Next we redefine
Ψ1(Z) ≡
√
T̂ (2πα′)2R3 ψ1(UKKZ) (94)
so that it is properly normalized and the coefficient before the vector
kinetic term is
av2 = T̂ (2πα
′)2
∫
dz
R3
Uz
H
1/2
0 (Uz)ψ
2
1(z)
≡
∫
dZ K−1/3(Z)H˜
1/2
0 (Z)Ψ
2
1(Z) = 1 (95)
by the orthogonal condition (63). This leads to
m2v = av2 m
2
v = T̂ (2πα
′)2
∫
dz
9
4
U2z
UKK
H
1/2
0 (Uz)
(dψ1(z)
dz
)2
= Λ1M
2
KKH˜0(0) ≡ m21 (96)
which is in agreement with equation (66) except for a redefinition of
T̂ . So the κ˜ dependence of the vector mass is the same as in the one
flavor case. The three-point self-coupling for the vector field is
av3 = T̂ (2πα
′)2
∫
dz
R3
Uz
H
1/2
0 (Uz)ψ
3
1(z)
=
(6π)3/2√
λNc
Iv3
(
H˜0(0)
)
. (97)
Similarly, the vector-Goldstone-Goldstone(VGG) three-point coupling
is
avπ2 =
T̂ (2πα′)2
f2π
∫
dz
R3
Uz
H
1/2
0 (Uz)ψ1
(
1− ψ̂20
)
=
π(3π)3/2
M2KK
√
2λNc
Ivπ2
(
H˜0(0)
)
. (98)
Here we have defined
Iv3
(
H˜0(0)
)
=
1
H˜
1/4
0 (0)
∫
dZ
(
H˜0(0) + Z
2
)1/2
(1 + Z2)5/6
Ψ31(Z) ,
Ivπ2
(
H˜0(0)
)
=
2F0
πH˜
7/4
0 (0)
∫
dZ
[
1− 1
F20
F
2
(
arctanZ,
√
1− H˜−10 (0)
)]
×
(
H˜0(0) + Z
2
)1/2
(1 + Z2)5/6
Ψ1(Z) . (99)
We can see that the couplings depend on κ˜ both explicitly in H˜0(0) in
the integrands and the coefficients before the integrals, and implicitly
in eigenfunction ψ1 through the appearance of H˜0(Z) in the eigenvalue
equation. The dependence is illustrated in Figure 9. So both the three
point self-interaction of the vector meson and the VGG coupling are
becoming weaker when κ˜ is turned on.
7 Conclusion and discussion
In this paper, we have studied the S-S model in the D0-D4 back-
ground. The corresponding gauge field theory has a nonzero conden-
sate 〈tr(Fµν F˜µν)〉. The effects of this quantity on the meson spec-
tra, pion decay constant and the lowest-lying three-vector and vector-
Goldstone-Goldstone couplings are studied. The dependence of these
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Figure 9: The ξ-dependence of Iv3 and Ivπ2
quantities on κ˜ comes in two parts: one is an explicit dependence in
the H0(UKK) factor in the formulae and the other is implicit in the
eigenvalues and eigenfunctions (see (52), (65) and (99)). The κ˜ de-
pendence of the mass spectra are different from the D(-1)-D3 case in
[13]. On the gravity side, this κ˜ dependence comes from the backre-
action of the D0 charges to the metric and takes effect by coupling
the metric to the flavor branes in the DBI action. On the field theory
side, the glue condensate comes into play through its backreaction on
the glue fluctuations which couple to the flavors through glue-quark
couplings. It must be a strong coupling nonperturbative phenomenon
to have sizable effects on the mass spectra and the couplings. So these
two pictures seem to be consistent. However, the κ˜ dependence in the
metric always appears in κ˜2, the squared form. The Chern-Simons
terms with C1 form field for D8 is zero since it involves fluctuations in
the S4 directions. So there is no explicit P/CP breaking terms in the
effective Lagrangian from DBI action — no P/CP violating mixings
and interactions, which seems to be strange since P/CP is broken due
to nonzero condensate κ˜. One tends to give a handwaving argument
as follows: Since the condensate is in pure glue sector, there could be
P/CP violating mixings of glueballs when κ˜ is nonzero. The P/CP
violating mixings of mesons in this model only happen through inter-
mediate glueball mixing, and due to the OZI rule, this process may
be suppressed in the large Nc.
In this paper we have not studied the Chern-Simons term contain-
ing f4. This term can produce more interaction terms [27] and is also
related to the baryons in this model [28, 29]. It is easy to extend the
discussions to this term in the D0-D4 background, which allows one
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to learn more interactions and the baryon properties with regard to
the condensate κ˜. However, to introduce deconfinement temperature
into this model is a little difficult since this needs a background with
a horizon in the four-spacetime also with the form field Cτdτ , which
may not be easy to find.
The string theory background used in this paper corresponds to
a gauge theory with a real Euclidean condensate 〈tr(Fµν F˜µν)〉 as in
[10] in which the gauge theory background was claimed to be selfd-
ual. Since our background here is not supersymmetric, the selfdual
property is not clear at present. Considering the quantum effect there
could be some modification to κ˜. The situation that a nonextremal
gravity background can lead to a non-selfdual field strength has been
studied in [35] in the context of the localized instanton case. We leave
this direction for future research. The absolute value of the quanti-
ties studied in this paper may not be of much significance. But the
tendency of these quantities as κ˜ is turned on may capture the qualita-
tive effect of the real Euclidean condensate in this model. However, a
real Euclidean condensate may not be realistic in the real world which
is Minkowski. The string theory background for gauge theory with
real Minkowski condensates can also be found. However there could
arise some other problems. We are still working on this possibility.
The preliminary result is that, the real Minkowski condensate may
have opposite effects on the quantities studied in this paper to the
Euclidean one. This needs to be confirmed in future work.
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